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Abstract. Conditions under which gravity coupled to self interacting scalar field 
determines singularity formation are found and discussed. It is shown that, under a 
\f^' • suitable matching with an external space, the boundary, if collapses completely, may 

I give rise to a naked singularity. Issues related to the strength of the singularity are 

. discussed. 

(N 

^ ; 1. Introduction 

^ ■ The gravitational collapse of scalar fields in classical General Relativity has been 

CN ■ widely studied in literature. Its role in understanding the machinery ruling singular- 
^ ! ities' causal structure - at least in spherical symmetry - was clear since 90's, when 
models of scalar field collapse exhibiting a naked singularity, and therefore violating 
the so-called Penrose's Cosmic Censorship Conjecture ifTSll . were found numerically 
. by Choptuik lH) and analytically by Christodoulou 0. 
lO ! In these pioneering works the scalar field is massless and free, that means that 

O 



X 



the Lagrangian function of the field does not contain any mass or potential terms. 
Recently, Hertog, Horowitz and Maeda 1 10| found a class of potentials where smooth 
initial data evolve to give rise to a naked singularity, although energy conditions may 
{^j;)! be violated. Moreover, in a recent paper, Goswami and Joshi [8| studied collapse of 
self interacting scalar field, under a homogeneity assumption, considering a class of 
models where divergence of energy density near the singularity is assumed to satisfy 
a power-law relation. 

5^ I As is well known scalar field have not been observed although their fundamental 

relevance in cosmology. Observational cosmology is indeed probably the unique field 
in which we can hope to obtain information on the scalar field potential, and several 
works go in this direction, as e.g. [El (and references therein) in which the analysis 
of transition from matter domination to dark energy domination is taken into account, 
although the expanding case is obviously considered there. 

In the present paper, we consider homogeneous scalar fields collapsing models in 
general, characterizing the class of potentials determining singularity formation. A 
crucial role in determining the causal structure is played by the existence, or not, of 
apparent horizon during the evolution. Since the singularity is (of course) synchro- 
nous, the behavior is quite different from what happens in many examples of matter 
models exhibiting a central naked singularity [5, 7|. Here, instead, it may be that the 
singularity located at the boundary of the "ball" of scalar field can be naked. There- 
fore, the scalar field solution must be matched with a suitable external solution and 
behavior of radial geodesic in the external solution must be studied accordingly. 
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Scalar field solution under homogeneity assumption is introduced in Section|2l In 
Section 13 necessary and sufficient conditions for singularity formation are stated, to- 
gether with conditions which forbid apparent horizon formation during the evolution. 
In the latter case, a matching with anisotropic generalization of de Sitter spacetime 
ll6l is performed (Section|4|), and naked singularity existence is proved - and its grav- 
itational strength discussed - in Section |5l Reasons for our choice of exterior region 
are discussed in final Section|6l together with overall conclusions. 



2. The solution 

The general scalar field spacetime is a spacetime {M.,g^y) satisfying Einstein field 
equations for the energy-momentum tensor 

(2.1) T^, = d,(l>dA - {Ig'^^d^cl^dpcl) + V{(t))^ g,,, 

where is a scalar function on fA and V is the potential. We consider the case of a 
spherically symmetric spacetime where the gradient of is timelike, which allows us 
to choose a comoving gauge such that is a function of comoving time only, and the 
metric and the energy-momentum tensor can be respectively written in the form W2\ 

(2.2) ds^ = -dt^ + a^{t) dr^ + a^ity"^ dfi^ 
and 

(2.3) T,^ = diag(-e,p,p,p) 

Equations (I2.1I )- (I2.2I ) imply that, in the above expression, the energy density e and the 
stress p can be written in terms of the field and the potential as 

(2.4) e = ]^^'' + V{<P), p=l^^-V{<P), 

where the dot denotes differentiation with respect to t. 
Field equations reduce to 



(2.5) a? = —a^e, 

(2.6) ^ (a30) = -aV(0). 

in the unknown functions a{t) > and The potential has to be considered 
as a constitutive function that, analogously to what happen in the elastic-solid mat- 
ter case [TJj, establishes a relation between energy and stresses. In particular, (12.61 ) 
is Klein-Gordon equation g^^V ^d^cj) = ^'(0)^ obviously equivalent to the Bianchi 
identity . 

We will take initial data at an initial time, say t = 0: 

(2.7) a(0)=ao, 0(0) = 0o, 0(0) = 00- 



57r 



The field evolves collapsing until it possibly reaches the singular state at a = 0. We 
will consequently consider cases where a is a monotonically decreasing function of t. 
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This fact implies that, for instance, the energy density e can be seen as a function of 
a, and can be written as 

(2.8) e- ' ^^("^ 



OTT \ a 

where tp E C°°((0, Oq), (0, +cxd)). Note that, in principle, we don't make assumption 
on the behavior of ij{a) as a ^ 0"^ but, in order to study a physically meaningful 
singularity, we will assume that 

(2.9) lim ^ = +00. 

Using (12.81) . equation (12.51) takes the form 

(2.10) d = -ip{a), 

where the sign choice is determined by the positive sign of ip{a) and the fact that 
we are considering a collapsing situation. Therefore, using initial condition (12.71) . the 
following proposition easily follows. 

Proposition 2.1. The metric (12.21) is determined by the function 

(2.11) a(t)=F-i(F(ao)-t), 

where F = F{a) is a primitive function of l/ip{a). 

Moreover, such a choice of if) also determines both the scalar function (p and the 
potential V as functions of a. Indeed, with the positions 

R 1 

(2.12) R := a{t)r, m := - (l - g'^^d^RdpR) = -r^a{t)a\t), 

using (12.41) . (12.101) . it is easy to see that Klein-Gordon equation (12.61) is completely 
equivalent to 

(2.13) m = -AnpR^R, 

and, in view of the above equation and (12.101 ) again, we can write the stress p as 

(2.14) p._P4fl + 2a*'W 



Using (IHT) . (I2.10I) . one finally finds 



(2-15) =-—. l-a 



(2.16) ^ = 



4™^ y 2 i){a) 

Therefore, chosen an energy profile through the function il){a), the solution is com- 
pletely expressed in function of a and, consequently, of t. In case the function 0(a) is 
invertible, one can say more. Indeed, the following proposition holds. 
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Proposition 2.2. If^^^^a < 1 in (0, ao), the spacetime given by (12.1 II) solves Einstein 
field equations, with the potential Vi^cj)) = V{a{(f))), where V{a) is given by (I2.16I) . 
and a{(f)) is the inverse function of 




(2.17) 0(a) = 00+/ 



Remark 2.3. Since 



e + p = (p = 



d0 
da 



the condition ■|;^ct < 1 in (0, ao) can be reinterpreted by saying that the weak energy 
condition inequality must be strictly satisfied, that is e + p > 0. Of course, one can 
invert the function 0(a) (12.171) under more general conditions also, for instance if e+p 
vanishes for some isolate values of a, but in this case problems of regularity may arise. 

3. Singularity formation 

Properties of ^(a) will be used to study singularity formation and behavior for the 
solutions above. The following theorem holds. 

Theorem 3.1. The spacetime becomes singular in a finite amount of comoving time if 
and only if the function l/ip{a) is integrable on (0, ao). The time of collapse is given 
by 

(3.1) ts= / -^da. 

Jo ^(«) 

Proof. If l/ijj{a) is integrable in (0, ao), the primitive F(a) can be continuously ex- 
tended to a = 0. In this case ts = F{ao) — F{0), and using (12.1 II) it follows that 
a{ts) = 0. Viceversa, if a{t) = for some ts G (0, +oo), then by continuity 
hmt^t^ a(t) = 0. Equation (12.1 II ) again implies that Uma^o+ -^(a) = F(aQ) — ts, 
and the primitive can be extended up to a = 0. □ 

We will suppose hereafter that we are in the hypothesis of Theorem 13.11 so that 
singularity forms in a finite amount of comoving time. In order to study singularity 
behavior, we fix ts as in (13.11) and consider the apparent horizon curve th{r) implicitly 
defined by the equation i?(r, th{r)) = 2m(r, th{r)). It is the boundary of the trapped 
region 

T = {{r,t) : R{r,t) < 2m(r,t)}. 
The following result holds. 

Proposition 3.2. Ifip{a) is bounded in (0, ao), there exists r^, > such that, for any 
shell of matter r < ri,, no apparent horizon forms during the evolution. 

Proof. Using (12.121) . the inequality R > 2m means that 

(3.2) tp{a)r < 1. 

Then, it suffices to choose < (sup(o,ao) i'io.))^^^ ^i^d, if r < rf, and t < ts, it will 
be(t,r)^T. ' □ 
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Remark 3.3. The quantity rf, will play the role of the boundary of scalar field col- 
lapsing sphere. Note that the absence of horizon does not mean, in principle, that 
the singularity is naked. Indeed, if a future pointing null geodesic arising from the 
singularity exists, it must satisfy the ODE 



and then it must be an increasing function of r. This cannot happen for r G [0, r^), 
because the singularity is synchronous. But it could be the case for a null geodesic to 
arise from (r^, ts) and go into the external space. This situation can be studied only 
after we join, at the shell r^, the solutions found in Section|2lwith an exterior solution. 
This will be done in Section IH 

Remark 3.4. Note that one can conceive cases of such no trapped surface formation 
when pressures (12.141) do not diverge and do not remain negative in the approach to the 
singularity, even when w.e.c. is satisfied. Take, for instance, ^(a) = ^^(sinloga + 
|). Anyway, if pressures diverge, potential also (positively) does. 

We now consider the case where ip is unbounded, positively diverging at the singu- 
larity. 

Proposition 3.5. If \im.a^Q+ ip{a) = +oo, for any r > such that the initial data 
are taken outside the trapped region T, the shell labelled r becomes trapped strictly 
before it becomes singular, and so a black hole forms. 

Proof. Fix any r > 0. If (r, 0) ^ T, then ^/'(ao) < \- But ^(a) +oo as a ^ 0, and 
therefore by continuity there must exists a time th{r) < tg such that ^(a(t/j(r))) = 
1/r. Then, the apparent horizon lies below the singularity curve t = tg, which is 
therefore covered for any r > 0. 

Similar arguments to those made in Remark l33l show that, even if limr__»o+ th{r) = 
ts, there cannot exist future pointing null geodesic below the horizon arising from the 
centre, and then t = is covered at each shell. □ 

Remark 3.6. Note that hypothesis of Proposition 13.51 does not cover all cases of un- 
bounded V'(a), which indeed may not have limit as a ^ 0+. 

Example 3.7. Consider the case of ip ruled by the power-law relation ^ 



where P < 1 hy compatibility with ( 12.91) . Hypotheses of Theorem 13.11 are always 
verified with this choice of therefore the model collapses in a finite amount of 
comoving time. Using the above equations one finds 



(3.3) 



dt 
dr 



a{t), 
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If P is not negative we are in the case of Proposition 13.21 and no apparent horizon 
forms if one takes sufficiently small. On the other side, /3 negative implies apparent 
horizon existence (Proposition l3.5l ). and 

th[r) =ts-'yr /3 , 

where 7 > depends on p. Note that the centre gets trapped at singular comoving 
time tg. The particular case /3 = — | corresponds - as easily inferred using (12.41) - 
to vanishing stresses, and in fact the solution is formally equivalent to the case of 
homogeneous dust cloud collapse (Oppenheimer-Snyder model 1 161 ). 



4. The exterior region 

Our aim is to join the scalar field spacetime with an exterior solution at r = r^, 
and study singularity arising from r = rh, t = ts- The matching will be performed 
along a hypersurface S using Israel-Darmois junction conditions E1[TT]|, that requires 
continuity across S of the first and the second fundamental forms induced on S by 
the two spacetimes. For this reason, one cannot expect to perform the junction with 
Schwarzschild line element, since radial stresses of the scalar field ball do not van- 
ish in principle (see (12.141) ). Therefore, as exterior solution, we will consider the 
anisotropic generalization of de Sitter spacetime - see [6J and references therein - 
that we here briefly review. 

Consider a spherically symmetric spacetime such that the metric tensor and the 
energy-momentum tensor respectively reads 

(4.1) ds^ = -e^^dt^ + e^V^ + Y^dO^ + sin^ ^d^^), 

(4.2) T; = di3.g{-e{r,t),Pr{r,t),Mr,t),Mr,t)) . 

As well known, stresses are isotropic in case of de Sitter solution Pr = Pt = P, where 
e + p = 0. One may try to look for generalizations of this case, braking the isotropy 
conditions, that is supposing pr 7^ pt, but still assuming 

(4.3) e + pr = 0. 

This amounts to weaken the degeneracy hypothesis on the tensor Tj^ of de Sitter 
solution, retaining two different degenerate subspaces. Misner-Sharp mass reads 

Y 

(4.4) m= — 

^ 2 



1 - {Y'e~y + {Ye 



(in this Section, dot and prime will denote differentiation w.r.t t and r, respectively). 
Using Einstein equations together with assumption (14.31) one shows that both e and m 
can be seen as functions of Y. In particular m{Y) = An e(o")o"^ da + mo. With the 
additional ansatz that 

{Y'e-'), {Ye-n, 

are functions of the variable Y only, that amounts to require a higher degree of sym- 
metry of the solution - a 6*4 group of motion - it can be seen that a suitable coordinate 
change exists, that brings the solution in the form 

(4.5) ds' = -x{Y)dT' + x{Yr'dY' + Y'dn', x{Y) = l-^^^, 
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thereby obtaining a family of solution as the mass M{Y) varies. This function M (Y) 
is arbitrary but, to satisfy weak energy conditions, it must obey to the following law 

(4.6) M'{Y) > 0, M"(Y) - yM'{Y) < 0. 

The family outlined here contains, for instance, Minkowski, Schwarzschild, Reissner- 
Nordstrom and de Sitter spacetimes as particular cases, corresponding to choosing 
the function M{Y) respectively equal to 0, to mo (constant), to thq + e^/Y (mo, eo 
constant) and to ^eonY^. Computation of Kretschmann scalar implies that the only 
singularity may arise at F = - for instance, it suffices that m(Y) = Y" + o(F") for 
Y ^0, with < a < 3. 

4.1. Matching conditions. Let us now consider a spherical symmetric source 

(4.7) ds^ = -e^^dt^ + e^^dr^ + (r, t) {dO^ + sin^ d^^) , 

Our aim is to show that, at a spherical junction hypersurface r = r^, no conditions 
other than continuity of the mass function are required to perform the matching. In- 
deed, the following proposition holds. 



Proposition 4.1. A general spherical line element (14.71) can be joined with the space- 
time (14.51) at a hypersurface S :={(/!:, r = r;,, 6*, 0)}. The matching conditions at E 
read 

(4.8) Y{t)=R{n,tl ^(t)- ^'^"^'^^ 



where m{r, t) is the Misner-Sharp mass function of the metric (14.71) . 

Proof. Let us parameterize S with coordinates (r, 9, 0). The injection of S into the 
internal space equipped with metric (14.71) simply reads (r, 9, 0) (r, r^, 9, 0). Con- 
sequently, the fundamental forms induced by the metric on S can be computed as 

(4.9) 4"* = -e^"" dr^ + R^ dfi^ 

(4.10) 4"* = -e^ [e^^^-^^u' dr^ - e-^^R'RdQ"^] . 

where we suppose the metric terms calculated in (r^, t). 

We perform the same operation with the external metric (14.51) . The injection reads 
in coordinates (r, 9, 0) ^ (^(r), Y(t), 9, 0), where T(r), Y{t) are unknown func- 
tions. First fundamental form in this case is 

(4.11) /r = (^-xiY)f' + j dr' + Y' dn', 

where, with a slight abuse of notation, we denote derivatives of T and y by T and Y. 
Continuity of the first fundamental form at S implies 

(4.12) Y{r) = R{r,n), 
which is the first equation in (14.81) . and 

(4.13) _ ;^(y)t2 + = -e^^ 
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The second fundamental form reads (My is the derivative of M{Y)) 



(4.14) El^ 



ext 



Y 



T 



M 



My 



-T 



YT 

W) 

My 



dr^- 



YxiY)dQ' 



Vi?2 Y 

where we have used (14.131) . Comparison of the angular terms in the two second fun- 
damental forms immediately yields 

(4-15) T = ^- 

i.e. the second condition in (14.81) . Finally, let us show that there are no other conditions 
to be imposed. First, substituting (14.81) in (14.131) we get the identity 

(4.16) x{R) = {R'e-' f - {Re-n\ 

that only says that the mass function must be continuous across S, that is m(r;,, t) = 
M{Y(t)). Therefore, we are only left with the proof that coefficients of dr^ in the 
two second fundamental forms coincide, that is we have to prove 

M My 
F2 



(4.17) 



TY -TY 



Y 



-Y'T - e^^T 



X 



+ e^'^-^u' = 



But this equation can be easily shown to hold identically by calculating the quantities 
f from (14.151) and Y from (14.161) . and using Einstein equation R'—XR'—u'R = 0. □ 



Remark 4.2. The anisotropic generalizations of de Sitter spacetime (14.51) are formally 
a subclass of the so-called generalized Vaidya solutions [9,i21J, given by 

2M{V,Yy 



(4.18) 



ds^ = - 1 - 



Y 



-2dYdV + Y' dn' 



Indeed, in case M depends only on Y, i.e. My = 0, the coordinate transformation 
dV = dT- ^dY brings dO into (RTTl) . 

Of course, a similar result to Proposition 14. II can be proved for this wider class of 
solutions. But, in this case, there is an additional condition on the mass function, that 
must satisfy the requirement (see also (HI equation (39)]) 

(4.19) My = onS, 

to perform the matching with the general spherical symmetric line element (14.71) . 



5. Naked singularities existence 

We now confine ourselves to the case when '4'{a) is a bounded function of a. The 
singularity that develops is therefore massless, as one can easily infer from (12.121) 
using (12.101) . Moreover, in view of Proposition l3.21 the singular curve t = tg does not 
get trapped if one take sufficiently small. 

In view of the results of Section |3| above, we consider the spacetime where the 
interior scalar field is matched with an exterior anisotropic generalization of de Sitter 
spacetime ( 14.51) at the shell S labeled r^. Let us recall that the mass (12.121 ) m is equal. 
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using (12.101) . to |r^aV^^(a) = ^r'^ Rip"^ , and therefore a necessary condition must 
be 

(5.1) M{Y) = ir,V^'(^), Vr G [0,alrl]. 

In principle, the matching condition fixes the mass function for the external region 
for the portion of junction surface corresponding to the observed scalar field collaps- 
ing ball, that is for t running from to the time of collapse tg. For bigger values of Y 
(Y > alrf), the mass is determined by the form of the metric for t < 0. 

As we already know, the exterior solution may possess a singularity at F = 0, 
depending on the mass profile. From the equation of state (14.31 ). energy diverges 
at Y = if pr does, and since, with the above choice of mass, radial pressure is 
continuous across junction surface, then F = is a singularity if 

(5.2) lim p(a) = — oo, 

where p{a) is the quantity, depending on ^/'(a), given by ( 12.141) . 

Remark 5.1. Weak energy condition ( 14.61) is equivalent, with the above choice of 
M{Y), to the following two conditions on the function ip: 

(5.3) ip{a) + 2aip'{a) > 0, ip^{a) - {ip'^{a) + ip{a)ip"{a)) > 0. 

We observe by the way that the first of these inequalities implies that potential (12.161) 
diverges. Conditions ( 15.31) are satisfied by power-law models of Example 13.71 when 
ip is bounded, i.e. for non-negative p. 

We prove the following theorem. 

Theorem 5.2. Suppose that V^(a) is bounded and satisfies (15.21 ). and let such that 
1 — ■?/'^(a(t))r^ is bounded away from uniformly on (0,rb) x (0,ts). Then, the 
boundary S = {r = r^,} of the scalar field collapses to a naked singularity. 

Proof. Equations (14.81 ) becomes, using ( 12.101 ). ( 12.121) also, 

(5.4) Y{t) = a{t)n, ^(t) 



Let Tfe such that 1 — ^^(a(t))r^ is bounded away from 0. Such a choice is, of course, 
always made possible because ^(a) is bounded. Then -|^_,^.a^2(a(f)) bounded in (0, oq) 
and we can integrate the ODE in (15.41) to obtain 

limT(t) = To G (0,+oo). 

Then the anisotropic generalization of de Sitter spacetime solution can be extended 
up to T = To, F = 0. But in a neighborhood of this point, x is bounded away from 
zero because junction conditions (15.41) imply continuity of the mass function, and by 

2m(t,ri,) 

Then the ODE 



hypothesis, 1 — y^^^ '^^^ is bounded away from zero as the singularity is approached. 



(5.5) ' 



AY x(y) 

can be solved in a right neighborhood of F = 0, and there exists a radial null geodesic 
starting from the singularity, which is therefore naked. 

□ 
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Remark 5.3. The above theorem applies to cases described in Example l3.71 with P > 
0. We stress the fact that, in the approach to the singularity t = tg, ^ = ilj{a{t)Y tI 
does not need to vanish, but may also tend to a constant nonzero value, or may even 
not possess a limit value. Consider, for instance. Example l3 .71 with /? = 0. We know 
that that no horizon forms if is sufficiently small, but now 1 — ^ is a positive 
constant on S. 

5.1. Strength of the singularity. Since we have found examples of spacetimes ex- 
hibiting a naked singularity, it may be of interest to determine its strength. The first 
definition of strong curvature singularity was suggested by Tipler ifT^ and studied 
e.g. in |3j|20i. Modifications to this definition have been also suggested by Nolan 
lfT?l and Ori WT \ to take into account pathological situations where, although vol- 
ume forms along geodesies preserve, Jacobi fields have opposite irregular behavior 
- i.e. one diverges and another one vanishes in the approach to the singularity. For 
most of our purposes, anyway, it will suffice to look at the behavior of the quantity 
k^^i = k'^RajsK^K^ along causal geodesies, where Rap is Ricci tensor, K°' = ^ is 
the tangent vector of the geodesic with parameter k. If this quantity remains bounded 
away from zero in the approach to the singularity, this one may be considered as 
physically meaningful. 

Let us first consider the metric (12.21) . If K"" is a radial null geodesic, it can be 
computed, using ( I2.10I ). that 



If the limit ^ exists as A; ^ 0, the quantity in round brackets tends to a finite value, 
while the quantity in square brackets remains bounded away from zero if e + p > 
(see (15. lb ), and then the radial null geodesic terminates in a strong singularity. 

Of course, in our model the interior scalar field region is matched with an exterior 
where metric tensor is given by ( 14. 5I ). and so strength of the central singularity of ( 14.51) 
must be determined to see whether strong singularity persists. 



Proposition 5.4. 7/J Va G (0, oq), the quantity ( + °jf,/?'' +2] is well defined 



and bounded away from zero, then there exists causal geodesies terminating into the 
naked singularity and satisfying the limit strong curvature condition lim inf ,fc_^o | | > 



Proof. Let us evaluate the strength of the F = singularity in this case, recalling 
that the mass M{Y) is given by (15.11) . Actually, it can now be checked that ^ van- 
ishes along null geodesies, and so we will consider the situation for timelike radial 
geodesies. Their equations integrate to give (see also (15.41) ) 





0. 



dk xiY{k)) 
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and ^ 7^ are integration constants) that is, they are regular at F = 0. Therefore, 
considering a geodesic with ^ ^ 0, it can be seen that 

, M"{Y)Y^ ^ f ana) , arja) 
^ YM'{Y) - M{Y) ^ V 

and the proposition is proved since last term is bounded away from zero. □ 

Example 5.5. The above theorem applies to the power-law cases discussed in Exam- 
ple 13.71 with P strictly positive, and more generally for functions ijj not-decreasing 
but strictly concave in (0, ao). 

The case P = (see also Remark 1531 . where \k'^'^\ is seen to go to zero, may be 
treated using ideas from [ 14|, and results in a weak singularity. 



6. Discussion and conclusions 

As we have seen, the formation of singularities the gravitational collapse of homo- 
geneous scalar fields with potential is completely ruled by a condition of integrability 
of a function related to the energy density of the model. If this function is bounded, 
apparent horizon formation is avoided during the evolution, and therefore the singu- 
larity is massless, which, as is well known, is actually a feature of any spherically 
symmetric naked singularity. 

The boundary develops a naked singularity when the exterior solution is given by 
anisotropic de Sitter generalization (14.51) . and the singularity turns out to satisfy a 
strong curvature condition for a class of examples that also includes power-law cases 
studied in [8|. 

Let us briefly comment on the choice of the exterior region. In the examples dis- 
cussed in [8 1, the matching is performed with a wider class, that is the generalization 
of Vaidya spacetime. One may wonder whether the strong curvature condition is satis- 
fied also along null geodesies with this more general choice of mass profile. Actually, 
in this case k'^^ is not identically zero - as it happens in the case we studied - but it 
can be checked that again it vanishes in the limit A; — > 0+, due to matching condition 
(EH). 

It must therefore be observed that, if the exterior region is given by (14.51) or even the 
more general metric (14.181) . the limit strong curvature condition proved in Proposition 
15.41 does not hold for any radial geodesic, but only for timelike geodesic satisfying 
^ in the approach to the singularity. Such a case is possible due to the fact that 
no apparent horizon form in the interior region, and x is bounded away from zero near 
the singularity. Although one may try and see what happens with other exterior met- 
rics, this fact seems to be a distinctive feature of the homogeneous scalar field model 
under exam, which possess a synchronous singularity, and therefore is qualitatively 
different from other Cosmic Censorship counterexamples known in literature ||5ll3. 

In conclusion, breaking the homogeneity assumption of scalar field models with 
potential seems an unavoidable step to retain strong curvature condition along any 
causal geodesic terminating into the naked singularity. 
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